This paper examines different approaches for driving mesh adaptation and provides theoretical developments for understanding the relationship between discretization error, the numerical scheme, and the mesh. Discrete and continuous equations governing the transport of discretization error are developed and it is shown that the truncation error acts as the local source for these equations. Examination of the truncation error in generalized coordinates provides insight into the role of mesh quality (mesh stretching for the 1D case) in the discretization error. Numerical results are presented for 1D steady-state Burgers equation at Reynolds numbers of 32 and 128. Four different approaches for driving mesh adaption are implemented for this case: solution gradients, solution curvature, discretization error, and truncation error. The truncation-error based adaption is shown to provide superior results for both cases. Finally, two approaches for estimating the truncation error are also discussed which would allow truncation error-based adaption to be implemented for complex numerical methods.
I. Introduction
ISCRETIZATION error occurs in every Computational Fluid Dynamics (CFD) solution and is often one of the main contributors to the overall uncertainty in a CFD prediction. It is formally defined as the difference between the exact solution to the discrete equations and the exact solution to the governing partial differential equations. Discretization error is the most difficult type of numerical error to estimate and is usually the largest of the numerical error sources, which also include iterative error, round-off error, and statistical error (where relevant). There are a number of different approaches for estimating discretization error, but they all rely on the underlying numerical solution (or solutions) being in the asymptotic range with regards to either the truncation error or the discretization error.
In addition to the importance of estimating the discretization error, we also desire methods for reducing it. Applying uniform mesh refinement (required for extrapolation-based discretization error estimation such as Richardson extrapolation) is not the most efficient method for reducing the discretization error. Since uniform refinement, by definition, uniformly refines over the entire domain, it generally results in meshes with highlyrefined cells/elements in regions where they are not needed. For 3D CFD applications, each time the mesh is refined by grid doubling in each coordinate direction, the number of cells/elements increases by a factor of eight. Thus uniform refinement for reducing discretization error can be extremely expensive.
Targeted local refinement, or mesh adaptation, is a much better strategy for reducing the discretization error. There have been several extensive reviews of mesh adaption approaches for CFD (e.g., see Baker 1 and McRae 2 ); however much of this work has focused on methods for actually performing the adaption rather than the approach for driving the mesh adaptation. This paper examines several different criteria for driving a mesh adaptation scheme. After a brief discussion of different methods for determining which regions should be refined and which regions should be coarsened, the simple approach to mesh adaption is described. Then an extensive discussion of the truncation error and its relationship to the discretization error is given. Results are then given for the different mesh adaption methods applied to 1D steady-state Burgers equation for a viscous shock wave, followed by a discussion of two methods for approximating the truncation error. 
B. Discretization Error and Recovery-Based Adaption
Since it is the discretization error that one wishes to reduce with mesh adaptation, on the surface it might appear the discretization error (or its estimate) would serve as an appropriate driver for the adaption process. However, as will be shown in Section V discretization error is not an appropriate mesh adaption criterion.
In the finite element method, an error indicator that is frequently used for mesh adaptation is gradient recovery or reconstruction such as the Zienciwicz-Zhu 4 error estimator. The main idea is that gradients of the finite element solution are compared to the gradients found from post-processing patches of neighboring elements. Larger mismatches between these two gradient computations serve as an indicator of larger errors in the gradients. This approach relies on the super-convergent properties of the finite element method which states that for sufficiently smooth solutions, the nodal values of the finite element solution converge at a higher rate than those at other locations. 5 In this sense, recovery-based adaption is thus similar to adaption based on the discretization error and is not the ideal driver for mesh adaption. Furthermore, recovery-based adaptation, while possible for the finite element method, may not be feasible for other discretization methods which are not super-convergent.
C. Adjoint-Based Adaption
Another promising method for grid adaptation is the adjoint approach. Adjoint methods hold the promise of estimating the local contribution of each cell or element to the discretization error in any solution functionals of interest (e.g., lift, drag, and moments), and can thus provide targeted mesh adaption depending on the goals of the simulation. The main drawback for adjoint methods is their complexity and code intrusiveness, as evidenced by the fact that adjoint-based adaption has not yet found its way into commercial CFD codes. An example of adjoint-based mesh adaption in CFD is given by Venditti and Darmofal [6] [7] [8] who successfully applied the method in finite-volume form to inviscid and viscous flow over airfoils at various Mach numbers. While adjoint methods hold much future promise in the area of mesh adaption, they are beyond the scope of the current paper.
D. Truncation Error-Based Adaption
In broad terms, the truncation error is the difference between the partial differential equation and its discrete approximation. As will be discussed in later in Section IV, the truncation error provides the contribution of the local element discretization (cell size, skewness, etc.) to the discretization error. As such, the truncation error is a good indicator of where mesh adaptation should occur. The general concept behind truncation error-based adaption is to equidistribute the truncation error over the entire domain to reduce the total discretization error. For simple discretization schemes, the truncation error can be computed directly. For more complex schemes where direct evaluation of the truncation is difficult, an approach for estimating the truncation error is needed. Section VII discusses two approaches for estimating the truncation error. Furthermore, in the finite element method, a class of error estimators has been developed that rely on the residual. 9 This residual is found by inserting the finite element solution, which is made up of basis functions and corresponding coefficients, into the original partial differential equation. As will be shown in Section VII, this residual can be found in a similar manner as one approach for estimating the truncation error. Thus we expect there to be a close relationship between residual-based adaption in the finite element method and truncation error-based adaption with more general discretization schemes. 
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III. Current Approach for Performing Mesh Adaptation
Local solution adaption can be conducted by moving points from one region to another (r-adaption), selectively refining/coarsening cells (h-adaption), or increasing/decreasing the order of accuracy of the method (p-adaption). For general unstructured grid methods the h-adaption approach is the most popular, while for structured grid methods the r-adaption approach is most often used. p-adaption has not found widespread use for CFD problems. 1 In addition to mesh refinement, other issues that should be considered when adapting a mesh are mesh quality and the alignment of the mesh with key solution features.
Since the focus of this paper is on methods for driving mesh adaption and not for performing the mesh adaption itself, here we limit ourselves to a simple approach of r-adaption in one dimension based on a linear spring analogy. 1 Extensions to handle multiple dimensions are possible based on a torsional spring, which serves to prevent skewing of the multi-dimensional cells. First, a mesh adaptation function φ i is created based on solution features (e.g., gradients, curvature), discretization error, truncation error, etc., where i denotes the mesh node point (ordered from 1 to N). A weighting function is then created from the mesh adaptation function as:
where q is an exponent that is set to unity in the present work. This weighting function is used to drive the mesh adaption process, with smaller values denoting a region for mesh coarsening and larger values a region for refinement. This weighting function is then passed through a smoothing algorithm to promote smoothness of the mesh adaptation. This smoothing algorithm includes 10 passes of the following smoothing operation for all interior points:
Once this weighting function has been determined, it is used to determine a spring constant for linear springs connecting the nodes: k i+1/2 = (W i + W i+1 )/2. The new nodal location can then be found according to:
Nodes with high weighting functions will have higher spring constants and thus promote refinement in that region. The new nodal locations are solved for using an explicit iterative approach according to:
The weighting functions are interpolated as the nodes are moved, thus ensuring that the weighting functions are fixed in space for a given mesh adaptation step.
Four different techniques will be used to drive the mesh adaptation process. The first two are feature-based and adapt the mesh based on either the local solution gradients or solution curvature. The third technique adapts the mesh based on the discretization error and the fourth technique adapts the mesh based on the leading truncation error term. These four techniques are summarized below. Examples of these different weighting functions applied to steady-state Burgers equation for a Reynolds number of 32 are shown in Figure 3 for q = 1. Clearly each approach will produce meshes with different adaptation characteristics.
IV. Truncation Error
The truncation error is the difference between the discretized equations and the original partial differential equations. For the simplest case of finite-difference schemes, the truncation error can be found using Taylor series expansions of the solution variable(s). For example, for the smooth function u(x) expanded about the point x 0 , the Taylor series expansion can be written as
A. Burgers Equation in Cartesian Coordinates
As an example, consider the steady-state form of Burgers equation given by 0 ) (
where the first term is the nonlinear convection term and the second term is a diffusion term. The notation L(⋅) denotes the differential operator, and is the exact solution to the differential equation. Although technically ordinary derivatives should be used here, the partial differential notation is retained for later extension to multiple dimensions.
A simple second-order accurate finite difference discretization for steady-state Burgers equation is: 
The right-hand side of Equation (8) can be thought of as the actual differential equation that is solved with the discretization approach. It contains the original partial differential equation, higher-order derivatives of the solution, and coefficients which are functions of the grid spacing to different powers. Since the leading terms are on the order of Δx
2
, we find that the formal order of accuracy of this method is second order. Equation (8) also tells us that this discretization is consistent since the discrete equations approach the partial differential equation in the limit as Δx goes to zero. Equation (8) can also be written simply as
which states that the partial differential equation is equal to the discretized equation plus the truncation error (TE) associated with the discretization h = Δx. Note that in this form of the equation we have not specified what solution u is used. We will make extensive use of Equation (9) in the following discussion.
B. Burgers Equation in Generalized Coordinates
One approach for computing solution on adapted meshes suitable for structured grids is to perform a global transform of the governing equation. An additional motivation for performing such a global transformation is that it will provide insight into the role of mesh quality on the solution discretization and truncation errors. Following Thompson et al, 10 the first derivative in physical space can be transformed into computational space using the transformation ξ = ξ (x) and the truncation error for the centered central difference method can be found as follows 
The derivatives of x with respect to ξ (x ξ , x ξξ , etc.) are called metrics of the transformation and are functions only of the mesh and not the solution itself. On the right-hand side of this equation, the first term is the finite difference equation in transformed coordinates, the second term involving x ξξξ goes away when the discrete form of the metrics with the same centered central difference is used, the third term involving x ξξ is a grid stretching term, the fourth term involving the square of x ξ is the standard leading truncation error term that appears when the equations are discretized in physical space, and HOT refers to higher order terms that can be neglected in the limit as the grid spacing goes to zero. The grid stretching term is zero for a uniformly space mesh, but gets large as the mesh is stretched (e.g., from coarse to fine spacing). The standard truncation error term is proportional to 2 ξ x and when it is discretized will approximate the local grid spacing squared:
This approach for examining the truncation error of the transformed equation illustrates some important features of the truncation error for adapted meshes. First, the truncation error is affected by the mesh resolution (x ξ ), the mesh quality (x ξξ ), and the local solution derivatives. Second, the quality of a mesh can only be assessed in the context of the solution itself since the grid stretching term x ξξ is multiplied by the second derivative of the solution.
In a similar manner, the truncation error for the second-order accurate centered second derivative in nonconservative form can be found to be: The second and third terms on the right-hand side will again be small when the discrete form of the metrics are used.
The fourth term involving x ξξ is a grid stretching term, and the fifth term involving the square of x ξ is the standard leading truncation error term that appears when the equations are discretized in physical space on a uniform grid. Combining these two truncation error expressions and neglecting the small terms results in the following truncation error formulation for the transformed Burgers equation: 
Stretching
Standard TE Thus the truncation error for Burgers equation contains two main second-order accurate terms. The first is due to grid quality (stretching in 1D) and the second is due to the mesh resolution. For a fixed grid, the mesh stretching term is zero and the standard truncation error terms is exactly equal to the truncation error for Burgers equation discretized in physical space on a uniform grid given in Equation (8) .
V. Relationship between Truncation Error and Discretization Error
It is well-known that for linear differential equations, the discretization error is transported in the same manner as the underlying solution. Recall that from the previous section, the governing partial differential equation L(⋅) and the discrete operator L h (⋅) are exactly solved by ũ (the exact solution to the partial differential equation) and u h (the exact solution to the discrete equations), respectively. Thus we have: 0 ) ( = u L (13) and American Institute of Aeronautics and Astronautics
Furthermore, from Equation (9), we know that the partial differential equation and the discretized equation are related through the truncation error as
Substituting u h into Equation (15) and then subtracting Equation (13) gives:
If the equations are linear, then we have
. The definition of the discretization error is u u h h− = ε (17) and thus we can rewrite Equation (16) as
Equation (18) is the partial differential equation that governs the transport of the discretization error ε h through the domain. Furthermore, the truncation error acting upon the discrete solution serves as a source term which governs the local generation or removal of discretization error due to the local discretization parameters (Δx, Δy, etc.).
Equation (18) is called the continuous error transport equation. This equation can be solved for the discretization error by discretizing the partial differential equation assuming that the truncation error is known or can be estimated.
If instead the exact solution ũ is substituted into Equation (15) , and then Equation (14) is subtracted, we get:
If the equations are again linear, then we can rewrite Equation (19) as:
Equation (20) is the discrete equation that governs the transport of the discretization error ε h through the domain and is therefore called the discrete error transport equation. 11 This equation can be solved for the discretization error if the truncation error and the exact solution to the original partial differential equation (or an approximation thereof) are known.
An example of error transport for the Euler equations is shown below in Figure 4 , which gives the error in the flowfield density for the inviscid, Mach 8 flow over an axisymmetric sphere-cone. 12 Large errors are generated at the bow shock wave where the shock and the grid lines are misaligned. In the subsonic region of the flow (immediately behind the normal shock) these errors are convected along the local streamlines. In the supersonic regions these errors propagate along characteristic Mach lines and reflect off the surface. Additional error is generated at the sphere-cone tangency point, which represents a singularity due to the discontinuity in the surface curvature. Errors from this region also propagate downstream along the characteristic line. An adaptation process which is driven by the global error levels would adapt to the characteristic line emanating from the sphere-cone tangency point, which is not desired. An adaptation process driven by the local contribution to the error should adapt to the sphere-cone tangency point, thus obviating the need for adaption to the characteristic line that emanates from it.
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VI. Results: Burgers Equation
Burgers equation is a quasi-linear, parabolic partial differential equation of the form where u(x,t) is a scalar field. Here the position is given by x, the time by t, and ν is the viscosity. We have selected Burgers equation because it is a quasi-linear scalar equation with a number of known exact solutions. 13 Since mesh adaptation will be used, we employ a global transformation ξ = ξ(x) onto uniformly spaced computational coordinates with Δξ = 1. The steady-state form of Burgers equation in transformed coordinates is thus where x ξ and x ξξ are metrics of the transformation. Since Burgers equation in transformed coordinates is mathematically equivalent to the equation in physical coordinates, the exact solution discussed below will solve both equations.
A. Exact Solution
We employ the steady-state viscous shock wave exact solution for the results presented herein. This solution is chosen because it is smooth, non-trivial, and is in the real plane. 
B. Discretization Approach
A fully implicit finite-difference code was developed to solve the steady-state form of Burgers equation using the following discretization: The nonlinear term is linearized and the resulting linear tridiagonal system is solved directly using the Thomas algorithm. This fully implicit method is formally second-order accurate in space for both the convection and diffusion terms as shown in Equation (12) . The temporal term is retained and discretized using a backward difference in time. The resulting equations are marched in pseudo-time until the nonlinear system is converged to machine zero, an approximately 12 order of magnitude reduction in the residual since double precision is used. Thus round-off and iterative error can be neglected.
Numerical and exact solutions for Reynolds numbers of 32 and 128 are given in Figure 5a . These numerical solutions were computed on uniform meshes with 33 and 129 nodes for Re = 32 and 128, respectively. In order to verify the Burgers equation code, 14 numerical solutions were run for a Reynolds number of 8 using both uniform and nonuniform meshes. The choice of a lower Reynolds number for this code verification study was made to ensure that the convection and diffusion terms were of similar magnitude. The order of accuracy of the discrete L 2 norms of the discretization error is given in Figure 5b for increasingly refined meshes up to 513 nodes (h = 1). The numerical solutions quickly approach an observed order of accuracy of two with mesh refinement, thus providing evidence that there are no mistakes in the code which will affect the discretization error. 
C. Mesh Adaption Results: Re = 32
In this section, different methods for driving the mesh adaption are analyzed as well as the case without adaption (i.e., a uniform mesh). The four different methods for driving the mesh adaptation are: adaption based on solution gradients, adaption based on solution curvature, adaption based on the discretization error (DE), and adaption based on the truncation error (TE). Numerical solutions to steady-state Burgers equation for Reynolds number 32 are given in Figure 6a for the uniform mesh and the four mesh adaption approaches, all using 33 nodes. The final local node spacing is given in Figure 6b for each method and shows significant variations in the vicinity of the viscous shock.
The discretization error is evaluated by subtracting the exact solution from Equation (23) from the numerical solution. Figure 7a gives the discretization error for all five cases over the entire domain. The uniform mesh has the largest discretization error, while all mesh adaption approaches give discretization errors that are at least one-third of that from the uniform mesh. The different mesh adaption approaches are compared to each other in Figure 7b which shows an enlargement of the region -2.5 ≤ x ≤ 0. Note that the solutions and the discretization errors are all skewsymmetric about the origin, so we may concentrate on only one half of the domain. Truncation error-based adaption gives discretization errors that are less than half of that found from gradient-based adaption, while the other approaches fall in between the two. As discussed in Section V, the truncation error acts as a local source term for the discretization error. Thus it is also instructive to examine the truncation error and its components. The truncation error for the uniform mesh case and the case of truncation error-based adaption is given in Figure 8a . The truncation error terms shown are the standard truncation error term, the stretching term, and their sum (TE-Total) as defined by Equation (12) . For the uniform mesh, the stretching truncation error term is exactly zero, but the standard truncation error term is large. For the adapted case, the standard and stretching terms are much smaller, and are generally of opposite sign, thus providing some truncation error cancellation. An enlarged view is presented in Figure 8b which shows that the total truncation error (i.e., the sum of the standard and stretching terms) is an order of magnitude smaller for the adapted case than for the uniform mesh. 
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The total truncation error for all cases is shown in Figure 9a , with an enlargement showing only the adaption cases given in Figure 9b . The magnitude of the total truncation error is smallest and shows the smoothest variations for the truncation error-based adaption case, while the other three cases show spikes at either x = -0.4 m (gradient) or x = -0.2 m (discretization error and curvature).
The two components of the truncation error, the standard terms and the stretching terms, are given in Figure 10a and b, respectively. The standard truncation error terms are actually quite similar for all mesh adaption cases, with the gradient-based adaption showing a slightly larger magnitude than the other cases. The biggest differences are seen in the stretching truncation error terms (Figure 10b) , where the feature-based adaption cases (gradient and curvature) show large mesh stretching contributions. The truncation error-based adaption approach provides the smallest magnitude of the truncation error due to mesh stretching. 
D. Mesh Adaption Results: Re = 128
Numerical solutions to steady-state Burgers equation for Reynolds number 128 are given in Figure 11a for the uniform mesh and the four mesh adaption approaches. The uniform mesh uses 129 nodes, while the four adaption cases use only 65 nodes. The local node spacing variation is given in Figure 11b for each method and shows even larger variations in the spacing in the vicinity of the viscous shock than found for the Reynolds number 32 case (see Figure 6b ).
The discretization error for this case is presented in Figure 12 . The uniform mesh case with 129 nodes shows the largest discretization error, while the discretization error-based adaption case with only 65 nodes gives nearly a 50% error reduction. While the other three mesh adaption cases perform better, examination of Figure 12b shows that truncation error-based adaption is clearly better than feature-based adaption, giving peak discretization errors approximately four times smaller than gradient-based adaption and more than two times smaller than curvaturebased adaption. When compared to the uniform mesh with 129 nodes, truncation error-based adaption provides a factor of fifteen smaller discretization error while using only half as many nodes. Figure 12 also has some important implications for applying recovery/reconstruction approaches from the finite element method to mesh adaption. While these methods are generally applied to the gradient of the finite element solution rather than the values themselves, they operate by comparing the local solution gradients to higher-order accurate estimates of the gradients. (The higher-order accurate gradient estimates come from interpolating the solution gradients from the super-convergent locations on the mesh.) Nevertheless, they work by estimating the discretization error in the solution gradients. Figure 12b clearly shows that adapting the mesh based on the discretization error will not provide the most efficient means for mesh adaptation. Distributions of the total truncation error for this Reynolds number 128 case are given in Figure 13 . As expected, the truncation error-based adaption provides a small, evenly distributed truncation error over the domain (Figure  13b ), while the other adaption methods are significantly larger in magnitude. The curvature-based adaption has a region of negative truncation error followed by a region of positive truncation error. Recall that the truncation error serves as the local source for the discretization error, which is transported by the governing equation. Thus these truncation error sources for curvature-based adaption will provide some cancellation of discretization error due to diffusional processes. The standard and stretching term contributions to the truncation error are given in Figure 14a and b, respectively. The standard truncation error terms for both curvature and truncation error-based adaption are of similar magnitude; however, the stretching terms for curvature-based adaption are relatively large. These figures thus illustrate the important interplay between mesh resolution (standard truncation error terms) and mesh quality (stretching terms).
VII. Methods for Approximating the Truncation Error
The truncation error can be difficult to derive for complex, nonlinear numerical flux schemes such as Roe's method. 15 However, if the truncation error can be reliably approximated, then this approximation can be used to drive the mesh adaptation.
Here we present two approaches for approximating the truncation error. Both approaches begin with Equation (9) which is repeated here for convenience:
In the first approach, the exact solution to the partial differential equation ũ is inserted into Equation (28). Since this exact solution will exactly solve the partial differential equation, the term 0 ) ( = u L , thus allowing the truncation error to be approximated as:
Since this exact solution is generally not known, it could be approximated by plugging an estimate of the exact solution, for example from Richardson extrapolation, into the discrete operator:
Alternatively, the solution from a fine grid solution u h could be inserted into the discrete operator for a coarse grid 
Note that the nomenclature 2h implies that the grid spacing on the coarse mesh is twice the grid spacing on the fine mesh h, where the coarse mesh could be formed by eliminating every other point in each direction of a structured mesh. This approach was used by Shih and Qin to estimate the truncation error for use with a discrete error transport equation.
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A second approach for estimating the truncation error is to insert the exact solution to the discrete equations u h into Equation (28). Since this solution exactly solves the discrete equations
, we have:
If a continuous representation of the solution is available then this evaluation is straightforward. For example, for the finite-element method, this is simply the finite element residual as discussed in Section II.D. For other numerical methods (e.g., finite difference and finite volume), a continuous approximation (such as curve or spline fitting) of the numerical solution must be made in order to estimate the truncation error. If a curve fit approximation u CF of the numerical solution u h is used, then substituting this into equation (28) gives:
where u CF = u h + ε CF , and ε CF is the error in the curve fit approximation. If the discrete operator is linear (or perhaps linearized), then we have
assuming that the curve fitting error ε CF is small and since u h exactly solves the discrete operator L h (⋅). We thus end up with:
This continuous truncation error approximation from Equation (35) was examined using a spline fitting approximation originally proposed by Junkins and Junkaitis. 16 This spline fitting approach has been used to develop continuous approximations of 2D heat transfer and Navier-Stokes CFD simulations by Roy and Sinclair 17 and is referred to as the Method of Nearby Problems (MNP). The MNP curve fitting procedure involves breaking the numerical solution up into overlapping zones that are approximated with local least squares polynomial fits. These local fits are then merged into one global piecewise approximation using weighting functions which can enforce an arbitrary level of continuity in the solution at the zone boundaries. The result is an analytic expression which can be used to approximate the truncation error.
The MNP curve fitting approach was applied to the one-dimensional steady-state Burgers equation. The Reynolds number was set to 16 and the numerical solution was computed using 129 uniform nodes. The curve fit was generated from the series of 7 th order polynomial least squares fits merged together with C 3 continuous weighting functions (i.e., continuous up to the third derivative). The numerical solution and curve fit are shown together in Figure 15a . The truncation error was then evaluated by inserting the exact solution into the truncation error terms of Equation (8) . This truncation error is compared to the approximated truncation error found by operating the differential operator (i.e., Burgers equation) onto the curve fit according to Equation (35). As shown in Figure 15b , the continuous truncation error approximation provides a good estimate of the actual truncation error over the entire domain.
This same case was examined using the discrete truncation error approximation. Since an exact solution is available for this case, Equation (29) was used directly. Figure 16 shows that the discrete truncation error approximation, where the exact solution to the partial differential equation is plugged into the discretized equation, also provides a good estimate of the actual truncation error for this case. We have thus demonstrated two different truncation error approximation methods which can be used for cases where the actual truncation error is difficult to estimate. 
VIII. Conclusions
In this paper we focused on the reduction of discretization error in CFD solutions through the use of mesh adaptation. The example problem was 1D steady-state Burgers equation which has an exact solution for a viscous shock wave. Two different Reynolds numbers were examined, 32 and 128, with the higher Reynolds number case resulting in a narrow shock region. Four different strategies for driving mesh adaption were examined: solution gradients, solution curvature, discretization error, and truncation error. All approaches provided reduction in discretization error when compared to a uniform mesh solution. Of the four adaption approaches, the truncation error-based adaption provided the smallest discretization errors, generally a factor of two smaller than curvaturebased adaption (the next best method). The results showed that gradient-based adaption, which is the most common method found in commercial codes, did not perform well. Furthermore, mesh adaption based on the discretization error, which can be related to recovery/reconstruction methods from the finite element method, performed poorly for the higher Reynolds number case.
The theoretical developments discussed here were focused around Equation (9) which states that the discrete equation is related to the partial differential equation through the truncation error:
Using this equation, the relationship between the truncation error and the discretization error was investigated and it was shown that the truncation error serves as the local source for discretization error transport equations (both continuous and discrete). Furthermore, Equation (9) was used to develop two different methods for approximating the truncation error. Truncation error approximation is critical for the application of truncation error-based adaption when complex discretization schemes are employed.
While adjoint-based mesh adaption schemes are becoming more popular, possibly due to their complexity they have not yet seen widespread use, especially in the commercial CFD community. Truncation error-based adaption appears to provide promising results, and its potential implementation in commercial CFD codes is aided by the fact that there exist approaches for estimating the truncation error rather than computing it directly. Future work on truncation-error based adaption will focus on the Euler and Navier-Stokes equations in multiple dimensions; however, further work is required to extend these approaches to unstructured grids.
